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ABSTRACT. Let J be a Jordan ring with involution * in which 2x =0
implies x = 0 and in which 2J =J. Let the set § of symmetric elements of
J be periodic and let N be the Jacobson radical of J. Then N2 =0 and
JIN is a subdirect sum of * -simple Jordan rings of the following types (1) a
periodic field, (2) a direct sum of two simple periodic Jordan rings with ex-
change involution, (3) a 3 X 3 or 4 X 4 Jordan matrix algebra over a periodic
field, (4) a Jordan algebra of a nondegenerate symmetric bilinear form on a vec-
tor space over a periodic field.

1. Introduction. Recently, Osborn and S. Montgomery both indepen-
dently determined the structure of an associative ring with involution in which
each symmetric element is periodic. They proved:

THEOREM 1.1 (OSBORN [3, p. 363] OR MONTGOMERY [1]). Let R bean
associative ring with involution in which 2a = 0 implies a = 0 and in which
2R =R. Let the set H of symmetric elements of R be periodic and let N
be the Jacobson radical of R. Then N®>= 0 and R/N is a subdirect sum
of rings with involution each of which is one of the following types:

(i) a periodic field,
(i) a direct sum of two periodic fields interchanged by the involution,
(iii) @ 2 x 2 matrix algebra over a periodic field.

The main object of this paper is to generalize the above result to a Jordan
ring with involution. For convenience we adopt the following convention:

Convention. Throughout this paper, the letter J will represent a Jordan
ring with involution * in which 22 = 0 implies @ = 0 and in which 2J=J
and the letters § and K will represent the set of symmetric elements and the
set of skew elements respectively.
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We shall show first that if J is *-prime and S is periodic then S cannot
contain more than four orthogonal idempotents. We classify J according to the
number of orthogonal idempotents that S contains. Then we prove our main
theorem as stated in the abstract.

2. Preliminary results. By a Jordan ring R, we shall mean a nonassociative
ring satisfying x *y =y +x, k2 e y) e x=x+ (% +x), 2x =0 implies
x=0. If R is also a vector space over a field F of characteristic not two such
that (fx)*y=@f)*y=x+(fy) forall x,y in R and f in F, then R
is called a Jordan algebra over F. We define U, , =@*x)*b+(-x)-
a—(a-b)-x and abbreviate U, , = U, in any Jordan ring R. The follow-
ing identities are important (see Jacobson [1, p. 34]).

@ @-c):d+@-G-d)-ct@-(c-ay*b
=(@-+b):c):dt(@-d):-c)-b+ta-((b-d)-c)
=@+b)s(c-d)+t@-d)y--c)+@-c)- @®-+d (Jordan identities),

v, U, = U, U,U,.

An element @ of a Jordan ring R is said to be invertible if U, is bijective and
a is an absolute zero divisor if U, = 0. A Jordan division ring is a Jordan ring
in which each nonzero element is invertible. An involution * on a nonassociative
ring D isamap of D to D which satisfies (@ + b)* =a* + b*, (@)* =
b*a*, @*)* =a forall @ and b in D. Let D be an arbitrary nonassociative
algebra of characteristic not two with identity 1 and involution *, and let D,

be the algebra of n x n matrices with entriesin D. Define J x = a~l(x*)a
where a = diag{a;, *** ,a,} and the a, satisfy a; =a;, a; € N(D), the
nucleus of D and af 1 existsin N(D). Let H (D,,J,) be the set of sym-
metric elements relative to the involution J,. Then H(D,,J,) will be called
the n x n Jordan matrix algebra. We will have occasions to use the following
theorems.

THEOREM 2.1 (SHIRSHOV-COHN) (JACOBSON [1,p.77]). Let R bea
Jordan algebra with 1 which is generated by two elements. Then R is iso-
morphic to a Jordan algebra S(C,*) where C is an associative algebra with 1
and an involution *,S(C, *) is the symmetric part of the involution *.

THEOREM 2.2 (JACOBSON [1,p. 61]). Let D be an algebra over a field
of characteristic not two with an identity element and an involution *,and let
J, be a canonical involution in D,. Then H(D,,J,) for n=>3 is Jordan if
and only if either D is associative or n = 3 and D is alternative with symmetric
elements in the nucleus.
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THEOREM 2.3 (JAcOBsON [1,p. 129]). Let R=H(D,,J,),n = 3, bea
Jordan matrix algebra. Then the mapping I — R NI, is a lattice isomorphism
of the lattice of * ideals of D onto the lattice of ideals of R. Also I* =0
ifand only if RNI1)* RNI,)=0.

THEOREM 24 (JAcOBSON [1,p. 119]). Let R =R (e) + Ry (e) + Ry(e)
be the Peirce decomposition of a Jordan ring R relative to the idempotent e.
Then

R}CR, (i=0,1), Ry, -®R,+R)CR,,

)
R} CRy +R,, Ry*R,=0.

(2) x% . (ai . bi) = (x% ° ai) A bi + (x% . bl') M a,
if x, €ERy,a,b;ER, for i=0,1.

3) Gy, = a9) @y = (xy, + ay) - a9

if ¢, €ER; for i=0, 1 and Xy, €Ry,.

@ (x% V) ez = ((xy * 2) yy)ee+H(y 02 - xy) - e
if 2z, €R; for i=0,1 and xy,y,, €R,,.

An element z in a Jordan algebra R over a field F is quasi-invertible
with quasi-inverse w in R if 1 —z is invertible with inverse 1 —w in the
Jordan algebra R! = F1 + R. An ideal is quasi-invertible if all its elements are
quasi-invertible. For any Jordan algebra there is a unique maximal quasi-invertible
ideal called the Jacobson radical containing all quasi-invertible ideals (see
McCrimmon [2]). We call a Jordan algebra semisimple if its Jacobson radical is
zZero.

THEOREM 2.5 McCRIMMON [3]). For any idempotent e in a Jordan
algebra R, the Jacobson radical of Peirce subalgebra R;(¢) =R Ue is
raAdRVUe)=RUe)NradR=(adR)Ve.

THEOREM 2.6 (Tsal [1]). The intersection of all prime ideals of a Jordan
ring R is defined as the prime radical of R. If R contains a maximal nil-
potent ideal N, then the prime radical of R is equal to N.

An element a of a Jordan ring is said to be periodic if a"®) =a for
some positive integer n(z) greater than one. A periodic Jordan ring is a Jordan
ring in which each element is periodic.
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THEOREM 2.7 (OSBORN [3, p. 342]). A periodic Jordan division ring is a
periodic field.
THEOREM 2.8 (OSBORN [3,p.343]). Let u and v be elements of a

periodic field F of characteristic p # 2. Then there exists elements a, b, ¢ €
F not all zero such that a* + b%u + ¢*v = 0.

THEOREM 29 (OsBORN [3,p. 351]). Let R be a periodic Jordan ring and
let e, f, g be pairwise orthogonal idempotents of R such that e and f are
connected. Then R,,(g) NR,,(e) = 0.

THEOREM 2.10 (OSBORN [3, p. 345]). Let R be a simple periodic Jordan
ring. Then R is either a periodic field or R is isomorphic to the Jordan algebra

3[:1 bu] a, b, ¢ are elements of a perodic
b ¢

field F and — u is a nonsquare in F ’

THEOREM 2.11 (OsBORN [2]). If all elements of a Jordan ring are either
invertible or nilpotent, then the set of all nilpotent elements forms an ideal.

THEOREM 2.12 (JAcOBSON [1,p.170]). Let R be a *-simple alternative
algebra with involution and identity element such that every nonzero symmetric
element of R is invertible and in the nucleus and let T be the subset of R of
symmetric elements of the center. Then R is one of the following:

(1) a direct sum of two associative division algebras interchanged by the
involution,

(2) an associative division algebra with involution,

(3) a 2 x 2 matrix algebra over T with standard involution, i.e.

2 b\* ( d - )

c d —c a ’
(4) a Cayley-Dickson algebra over T with standard involution.
Conversely, any algebra in the classes (1) to (4) satisfy the given conditions.

Two orthogonal idempotents e, and e, in a Jordan ring R are said to
be connected if there exists an element in R, = Ry(e;) N R, (e,) invertible
in RUe1+e2 =Ry, +Ry, +R,,. If 1=¢, +e,, Ry, and R,, are Jor-
dan division rings, then R is said to be of capacity two.

THEOREM 2.13 (OsBORN [1]). Let R be a simple Jordan algebra of
capacity 2. Then either R is isomorphic to the Jordan algebra of a nondegener-
ate symmetric bilinear form f on a vector space over an extension field T of
the base field F, such that f(x,x) =1 for some x, or R is isomorphic to a
Jordan matrix algebra H(D,, J,) where (D, ) is either of the form B @ B,
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B an associative division algebra which is not commutative, j, the exchange invo-
lution or D is a division algebra which is not commutative and is not a quater-
nion algebra over its center with j the standard involution.

THEOREM 2.14 (COORDINATIZATION THEOREM) (JACOBSON [, p. 133]).
Let R = Zi¢jR;; be the Peirce decomposition with respect to the e; and
n = 3. Assume that for j=2,3,+++ ,n there exists an element Uy ERU-
which is invertible in Ry, + R;; + Ry;. Then there exists a Jordan matrix alge-
bra H(D,,J,) and an isomorphism f of R onto H(D,,J,) such that
fle) =% [i], f(ulj) = [17].

3. Classification of semisimple Jordan rings when S is a periodic Jordan
division ring. We shall show in this section that the set of elements of the type
a=s+k where s*=5, k*=—-k, s#0 and k2 #0 determines the struc-
ture of J in case J is semisimple and S is a periodic Jordan division ring. If
they are all invertible, then J is a periodic field. If not, then J is a direct sum
of two isomorphic periodic fields or a Jordan algebra of a nondegenerate sym-
metric bilinear form over a periodic field. We first prove the following theorem:

THEOREM 3.1. If J contains no nonzero ideal I such that 1* =0 and
no nonzero s €S, s* = 0, then the identity of S is the identity of J.

PROOF. Let e be the identity of S andlet J=J, +J,, +J, be the
Peirce decomposition of J with respect to e. Then SCJ,,since e*s=s
for all s €S. If we write x, €J, as a sum of symmetric and skew elements
s+k,then 0=xy-e=s<et+k-e=s+k-e and —s=k e isboth
skew and symmetric. Thus s = 0. By the same argument, we can show all ele-
ments in J,, are skew. But

J3C8NJy=0, Jy - JoCJ,NS=0, J; -J;=0,

and so J,, is an ideal whose square is equal to zero. Thus Jy =0 and J =
I+,

Let x €Jy,. Then x isskewand x> €SCJ,. Since x> = (x? - €) - x
=x2+ (e-x) =2"1x3, we have x3 =0=x% But S has no trivial elements,
so x2 =0. This implies J2 = 0 and J,, isa trivial ideal of J. Therefore
Jy, =0 and e is the identity of J.

LEMMA 3.2. Let J be generated by two elements s and k where s* =
s#0, k*=—k and k2 # 0 andlet S be a periodic Jordan division ring.
Then

() J is isomorphic to the set of symmetric elements of an associative ring
C with involution j, which is generated by two elements s and k.
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If we use juxtaposition for multiplication in C and a dot for multiplication
in J, then the following are true.

(ii) sh = hs in the associative ring C where s and h are arbitrary ele-
ments of S.

(iii) S=S(H)+S(-) where S(+)= {h €ESlhk =kh} ={h E€SIh < k) *
k=h-k* and SC)={hE€SI—hk=kh} ={hESIh + k =0} such that
SH) - SH)C SH), SO)SEICSH), SH)* SC)C SO).

(iv) J is a finite dimensional Jordan algebra over S(+).

Proor. (i) This follows easily from Theorem 2.1.

(ii) S forms a periodic field by Theorem 2.7. Let (s, ) be the Jordan
subring of S generated by s and A. The (s, &) is a finite field. Thus s =
sh, h =57 forsome s, €(s, h) and positive integers i and m and so
sh = hs = si*™ in the associative ring C.

(iii) From part (ii), it follows that any element w € C is of the form
w=sy+ Zi_, s;kh; where {sq, s, b}, C S. But 0#k*€E€S and §
is a periodic field, so k2?*2 =1 for some p = 0. Thus

n n n
w=so+ 3 skhkk™' =5, + Y 5;(khK)k?PH =50 + 3 5,(khk)KPE.
i=1 i=1 i=1

This means C = § + Sk is a two dimensional left vector space over S. But for
any q €S, j(gk) =j(K)j@q) =kq = kqkk™" = (kqk)k*P*1 = (kqk)(k*P)k €
Sk. Thusany gk €Sk canbe written as gk = (g(+) + g())k satisfying j(qg(+)k =
q(H)k =kq(+) and j(g(-)k) =— q(-)k =kq(-). ¢ =q(+) +q(-), since k isin-
vertible. But g(+) commutes with s by part (1) and C is generated by s and
k,so q(+) € the center of C. Hence we have proved that any g €S can be
written as ¢ = q(+) + q(-) such that g(+)k = kq(+) and q(-)k =-—kq().
If hy, hy €S(H), then (h hy)k = h (hyk) = h (khy) = k(h h,) and so
S(H)S(*+) € S(+). The same arguments show S(+)S(-) C SC), SC)S(+) C
SE), SC)S() S S(+). Hence we have S(+) * S(H) C SH), S(H) - SC)C
S$C)SC) - SO SH).

(iv) Since C=8(H)+ SH)h + S(H)k + S(H)(hk) where h €S(-) is
finite dimensional over S(+) and J is a subspace of C,so J is a finite dimen-
sional Jordan algebra over S(+).

THEOREM 3.3. Let J be a Jordan division ring and S be periodic. Then
J is a periodic field.

PROOF. Let a=s+k where 0#s€E€S and 0FKEK andlet 4
be the Jordan subring generated by s and k. Let H denote the set of *
symmetric elements in 4. Then by Lemma 3.2, 4 is isomorphic to the sym-
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metric part of an associative ring C' with involution j generated by s and %,
such that H=H(+) + H(-) and A is a finite dimensional algebra over H (+).
Suppose a satisfies an equation x" + b, * xPl4eeet b, = 0 with coef-
ficients in H(+). Let B=<(b;,*++,b,) be the finite subfield of H(+)
generated by by, b,,***,b,. Then B[a] is a finite associative division ring
and a is periodic. Therefore J is a periodic field by applying Osborn’s Theo-
rem 2.7.

LEMMA 34. Let F be a finite field and G, H be two subfields. If
[F:G]=[F:H] =2,then G=H.

PROOF. Let p be the characteristic of F and |Gl=p". If G +# H, then
xP" _xeF [¥] has more than p" rootsin F. This cannot happen.

LEMMA 3.5. Let F be a periodic field and G, H be two subfields. If
[F: Gl = [F:H] =2,then G=H.

ProoF. Let p be the characteristic of F. Suppose G# H and g €G,
g€ H Let i and j be the involutions of F over H and F over G re-
spectively. The elements g, i(g), j(i(@®), i(j(@(®))), * ** , satisfy an algebraic
equation of g over I/[p] and so they are finite in number. Let W, be the
subfield generated by these elements. Then W, is a finite subfield which is in-
variant under i and j. Similarly if » € H, h & G, we can construct another in-
variant subfield W,, h € W,. Then the finite subfield W generated by W,
and W, has two involutions i and j and so by Lemma 3.4,GNW=H N W.
This contradicts gEGN W but gE HN W.

LEMMA 3.6. Any two quadratic extensions of a periodic field are isomor-
Dphic.

ProoF. Let F be a periodic field, F[x] and F[y] by any two quad-
ratic extensions of F such that x2 —ax+b=0 and y2 -y +d=0
where a, b,c, d € F. Let B denote the subfield of F generated by a, b, c,
d. Then B is a finite field and so B[x] is isomorphic to B[y]. We can find
w in B[x] such that w?> —cw +d =0. Hence F[x] and F[y] are the
splitting fields of the same polynomial. Therefore they are isomorphic.

LEMMA 3.7. Let J be a Jordan ring with involution and S be a periodic
division ring. Let 0#s€S, k€K and k* =0. Then (s + k)" =1 for
some positive integer m.

Proor. By Shirshov’s Theorem 2.1, the Jordan subring (s, k) generated
by s and k is asubring of C* where C is an associative ring. Since
k(ksk) =k?sk =0 in C and ksk is invertible or zero, we have ksk = 0.
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This implies
a2=(+k?=s2+ks+sk in C,
a3 =53 + ks? + sks + sk,

A" ="+ k" 4 sks" ! + 52" 4o + "k inC
Let n be any positive integer such that s = 1. Then,
A" =1+k" ! +sks"2 4o + 5" 1,
@ =1+420ks"" ! +sks" "2 + 00 +57 1),

PP =1+pEs" ! + oo +5"1f)

=1 if p is the characteristic of C.

LeEMMA 38. Let J be a Jordan ring with involution and S be a periodic
Jordan division ring. Then for any k €K, k2 # 0, we can decompose S =
S(+) + S() where S(+) = {sE€SI(s, k, k) =0} and S(-)= {s €Sls+k=0}
such that

(1) SH? CSH), SH) * SO CSE), SC? C5H),

) *h)ek=s((-k) for s,h€S(H).

ProoF. We have shown in Lemma 3.2 that any s €S can be written as
s=s, +s_ such that (s, ,k,k) =0 and s_* k=0 relative to an invertible
skew element k. Thus S =SH) +S(). Let s, hESH), s_€S(). We
now show s*h €SH), s2 €SH), s+ s_E€ESE).

Let W be the Jordan subring generated by s, 2 and s_. Then W isa
finite field and so s = w™, h =w", s_ =w’ for some positive integers m,
n,! and w € W. Consider the Jordan subring {w, k) generated by w and k.
Then H =8 N{w, k) can be decomposed as H = H(+) + H(-) where H(+)=
{t€HI{t k, k)=0}, H-) = {tlt - k =0} by Lemma 3.2. But s, n €
H(+), s_ €EH(-). Hence by Lemma 3.2, s+ h EH(H)CSH), s*s_€
HE)CSE), s2€H(+),andalso (s h)+k=s"(h*k).

LEMMA 39. Let J be a simple Jordan ring with involution and S be a
periodic Jordan division ring. Let S = S(+) + S(—) be a decomposition relative
to an invertible skew element k,. If k% =52 for some s € S(+), then J is
a Jordan algebra of a nondegenerate symmetric bilinear form over a subfield of S.

PROOF. Let e, =%(1 —k, *s~!) and e, = %5(1 + Kk, *s~!). Then
e, and e, are two orthogonal idempotents such that 1 =e, +e, and ef =
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ey. Let J=J, +J,, +J, be the Peirce decomposition of J with respect to
e,. Weclhim a, *ay, =a} *a, forall ¢, €J, and ay €Jy,. If SNJ, =0,
then all elements of Jy, are skew and so (a; — a:‘) *ay, €S NJy, =0. Hence
assume S NJ,, # 0. We first prove it is true forany h €S NJ,, # 0.
From (a, +a7)* [@, +ay)* k] = (a; +a})? * h, it follows that

ay - @ *h)y+a, @ -h)+af-@ +h)+a7- @} h

=aih+a> h=2a, +h)-a +2a}h)-a} (Theorem 2.4)
and so (a; —ay) * [(a, — a}) « k] = 0. If we write h = h(+) + h(-) relative
to 0=ga, - a’;, then (a2, — a4} ) + h(+) = 0. This gives us # = h(-) and
h+ (@ —a;)=0. Let k be any skew element in J,,. Since (z, —af) "k
is symmetric, (¢, — a7) * [(@, — a7) * k] =0. But

2[@, —a7) * K] - [@, —a}) + K]
=—(@; —a}) + K +2[@; —a]) - (k- @, —a}))]
-k + [@; —aY) - ¥*] - (@, —a}) by the Jordan identity,

=—@, -4V kK +k* (@, —a}) =0.

This implies [(z, — a}) * k]2 =0 and so @ -a}) k=0.
w-let hESNJ, and KEKNJ,. Since h* kEJ, +J, and is skew,
we can assume h k=a, —a; where a, =[h+k],. Then (h* k) k=0
andso 2[h k] * [kl =-h2K*+2[h-(kh)] *k+t- k> -h=0.
Therefore (2 * k) = (@, — a;)® = (@, + a})*> = 0 which implies
a,=a{=0and h-k=0.
We next prove T ={a, + a'l" lal €J,} is contained in the center of J.

The nontrivial verifications required to establish this are (1) (b,, xy,, a, +a}) =
0, (2) (by,, xy,a, +ay) =0, (3) (by, Xy, a, +af)=0,

(5 Xy, a, +a7) = (by,%y,a;) (Theorem 2.4)

=(by *xy)ra; —by* (xy ca)=(by *xy)ay —by * (xy, *ay)
=@y Xy) by —by oy 0 8)=( *Xy) by — by * (¥, - a,)=0,

By, x5 ay +a})=(by, + x;) » @ +a}) = by, - &, + @, +a})).
But y, * ¥y =¥1 * ¥y forall y, €J, and y, €J,. Thus
by, x4, 4, +a:)= (by, * %) * (@, +a’;) —by - (xy * ay)
=2by * x;) @y — (by, » x;) » a; — (by, * @) + x; (Theorem 2.4)
=0 by (by,xy,a,)=0;
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(by,» Xy, a4 +a’l') = (by, * Xxy) * (3, +a’l") — by, * (xy * @, +a’1"))
= (by * X))+ @y + By, » Xy) - @ — by, + (v » ) — by, - (ry, 2%
=((by s ay) > xy) - e; +((xy, + ay) - by) - €
+((by, + ay)  xy) s €y +((xy * a}) - by) v e,
— by, » (Xy, + @) — by, + (x5, +a;) by Theorem 2.4

=(e; — ) * ((by, * a;) » Xy) + (e — €)) + (b, * a}) * X)) =0
Therefore J =T+ T'(e; — e,) +Jy, is a Jordan algebra of a nondegener-
ate symmetric bilinear form on a vector space over the periodic field T =
{a,, +a},la;, €J,} with the skew element e, — e, such that (e, — e,)?
= 1.

LEMMA 3.10. Let J be semisimple and S be a periodic Jordan division
ring. If (S, k) is a periodic field for every invertible skew element k, then J
is a periodic field.

PrOOF. We know from Lemma 3.7 that all elements of J are either
invertible or nilpotent. Hence by Theorem 2.11, the set of all nilpotent elements
forms an ideal I. Since J is semisimple, ] = 0. Hence J is a periodic field.

LemMA 3.11. Let J be a Jordan ring with involution and S be a periodic
Jordan division ring. If S = S(+) relative to an invertible skew element k and
k2 is a nonsquare in S(+), the (S, k) is a periodic field.

PrOOF. We know by Lemma 3.8 that (S, k) is associative. Since k? is
a nonsquare in S(+), (S, k) is a field. Hence (S, k) is a periodic field by
Theorem 3.3.

LeMMA 3.12. Let J be semisimple and S be a periodic Jordan division
ring. If k® # 0 is a nonsquare in its corresponding S(+) for all invertible skew
elements k and S# S(+) fo}' at least one such k, then the decomposition is
unique in the sense that: If S = S(+) + S(-) is a decomposition relative to an
invertible k, then it is a decomposition relative to any other invertible skew
element.

PrROOF. Since J is semisimple, K2 # 0. Hence the set of all invertible
skew elements is nonempty. Let S = S(+) + S(-) be a decomposition relative
to an invertible skew element k such that S # S(+) and S=HH) + H()
be a decomposition relative to another invertible skew element k;, € K. Then
either H(+)=S or [S:H(+)] =2. But [S:HH)] =[S: S(H)] =2 im-
plies H(+) = S(+) by Lemma 3.5. Hence we assume H(+) =S.

Consider k +k, and k —k,. Suppose (k+k;)>=0 and (k- k,)?
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=0. We have k2 + k3 =% ((k +k,)*> + (k — k,)>) =0. Since — 1,k* €
S(+), we can apply Lemma 3.6 to find a, b €S such that 4> =—1 and

b? = k*. This implies k? = (@ * b)®> and (k, +a+b)* (k; —a -+ b)=0. But
(S, k) is a periodic field by Lemma 3.11. Hence k; =ta+*bESNK=0
contrary to k, # 0. Without loss of generality, we assume (k + k1)2 #0. If
(S, k + k) is not a periodic field, then s_ * (k +k;)=0 forany s_€
S(). This givesus (s_) * k =—(s_) * k, = 0 which contradicts our assumption
that (S, k,) is a periodic field. Hence (S, k + k) is a periodic field. But
G6_) (k+k)=(_) k;. Then k+k, =s"1+(s_* (k+k)=s_!

* (_ * k) = k; contrary to k # 0. This completes the proof

of the above lemma.

LEMMA 3.13. Let S=S8(+)+ S(-) be the unique decomposition in Lemma
3.12. Then we have

(1) S +K=0.

(2) kK2 €S(+) forall KEK.

(3) S(+)? CSH), SH) * S CSE), SC? CSH).

@) (sy°5,) k=5, (s, * k) forall s;,s, ES(+),kEK.

(5) If ky *ky=0,then (s*k,)*k,=0 forall k,,k, EK,sES(+).

(6) (s, ky, k3)=0 for ky, k, EK, sES(+).

(7) S(+) lies in the center of J.

ProOF. Since (k2 k, k) =0, k2 €S(+). This proves (2). (3) is clear from
Lemma 3.12 and Lemma 3.8. To prove (1) we need only show s * k =0 when
SESE), k€K and k? = 0. We know already that not both (k +%,)?> =0 and
(k — k,)* =0 for an invertible skew element k,. Otherwise 2k% = (k +k,) +
k—-k, )? = 0. Without loss of generality, assume (k + k1)2 #0. Then s *
(k+k,)=0andso s k=—s*k; =0.

To prove (4), we need only show (s, 55, ¥) =0 when k?=0. But
(k +k,)* and (k- k,)? are not both equal to zero when k% # 0. Assume
(ky +k)*#0. Thenwe have (s, * s,) * (k; +k) =5, * (5, * (k; + k) and
(53 °83) 2 ky=s5;°(5,*ky). Hence (s5; +s5,) k=5, (5, * k).

26 k) k) k= 25 k) (ky o k) (s k)
) <k - (ky » k3) - s by the Jordan identity

=0+ (ky+k})es—(k, - k3)+s=0.

Thus (s * k,) * k, ES(+) NSE)=0.

(6) We first show (s, ky, k;) =0 when k3 #0. If k, * k, =0, then
(s, k4, k,) =0 follows from Lemma 3.13 (5). Hence assume k; < k, #0. Let
t=k, —[(k; *k,) " k3°] * k,. Then ¢+ k, =0 by Lemma 3.13 (2) and so
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se(ky —((ky » Kky) = k72 ky) by = 0.

Thatis (s * ky) =k, = (5 * (ky * ky) = k3') = ky + ky =5+ (K, * k,). Similarly
k3 #0 implies (s, k;, k,) = 0. Hence, we assume k3 =k2 =0 and k, *
ky #0. Then (k, +k,)>#0 andso (s, k;, k;) =G ky, ky +k,) = 0.

(7) follows immediately from (1) to (6).

LEMMA 3.14. Let J be semisimple with an identity element 1,and S be
simple. Then J is simple or a direct sum of two simples with exchange involu-
tion.

ProOF. Let I be any *ideal of J. Then INS=(0) or INS=S.
If INS=(0),then ICK andso I2CKNS=(0). Thus /=0 from the
fact that J -is semisimple. If TN S=S,then 1€ and I=J. Hence J is
*_simple. If J is not simple, let I be any nonzero ideal of J, then I +171 * and
INTI* are * ideals. Therefore I+ I*=J and INI*=(0) if J is not simple.

THEOREM 3.15. Let J be semisimple and S be a periodic Jordan division
ring. Then J is one of the following:

(1) a periodic field;

(2) a direct sum of two periodic fields with exchange involution,

(3) a Jordan algebra of a nondegenerate symmetric bilinear form f on a
vector space over a subfield of S.

ProOF. We know from Lemma 3.14 that J is “simple. If J isa
direct sum of two simples interchanged by the involution, then J is a direct sum
of two periodic fields with exchange involution. Hence, we assume J is simple.

Let k be any invertible skew element. If k2 is a square in its correspond-
ing S(+), then J is a Jordan algebra of a nondegenerate symmetric bilinear form
over a subfield of S by Lemma 3.9. Hence assume k2 is a nonsquare in its
corresponding S(+) for all invertible skew elements k. Then two cases arise.
Either S = S(+) for all invertible skew elements or S # S(+) for at least one
invertible skew element. J is a periodic field in case one by Lemma 3.10 and
Lemma 3.11. If S # S(+), then by Lemma 3.12 and Lemma 3.13, we can de-
compose S = S(+) + S(-) such that S(+) lies in the center of J, S(-) *
K=0 and K? C S(+). This means J is a Jordan algebra of a symmetric bi-
linear form over S(+).

4. Classification of *-prime Jordan rings when S is periodic and contains
at least two orthogonal idempotents. A nonassociative ring is said to be *-prime
if given by any two * ideals B and C such that BC=0,then B=0 or
C = 0. We need the following theorem.
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THEOREM 4.1 (BRITTEN [1]). Let R be a nonassociative ring with involu-
tion *. Then R is *-prime if and only if R is prime or R contains a prime
ideal P such that PNP*=0.

In this section, we show any *-prime Jordan ring J with periodic symmetric
elements contains no more than four orthogonal idempotents. Then we classify
J according to the number of orthogonal idempotents that S contains. The
following two theorems were done by Osborn [3] when J is a periodic Jordan
ring.

THEOREM 4.2. Let J be a Jordan ring with involution * and S be
periodic. Let e and f be two symmetric orthogonal idempotents. If b €
Jy, (€) NJy, (f) is skew (or symmetric) such that b" = e + f for some positive
integer n greater than 1, then for any symmetric idempotent u € J,(e), there
exists an integer m such that [(2b * u)? * u]™ =u.

PrROOF. Let B be the Jordan subring generated by b and w. B has the
identity element e + f, so by Shirshov’s theorem, B is isomorphic to the set of
symmetric elements of an associative ring C with involution. Let C=C;, +
Cio + Cyy + Cpypo be the Peirce decomposition relative to the idempotent .
Since b €Jy,(e) CJy, () + o) wehave b €Cyy + Cy; +Cyo and ubu =0
where juxtaposition indicates multiplication in C and

(2b + u)? « u = (bu + ub)? - u = (bub + ub®u) - u = ubu.

Hence [(2b * u)? * u]™ =u for some m if and only if (Wb2u)™ = u.

We now show ubu #0. If ub?u =0 then (bub)®> =0. But bub isa
periodic symmetric element of J, so bub = 0. This implies b"ub" =
(e +f)u(e +f)=u=0 which contradicts u # 0.

Since ub2u is a nonzero * symmetric element of J, we have (ub%u)™*!
= ub?u for some m greater than zero. We now show (ub%u)™ =u. Let

t=2u — Wbu)™) + b =ub + bu — ub*u)"b — bub*u)™ .
We calculate that
2 =ub%u + bub + Wb u)®*™*+¥ + bub?u)*"b
— 2ub?uy™*! — 2bub®u)™b
= bub — b(ub®u)"b,
t% = bub®ub — 2bub?u)™* b + bb*u)*™*1p = 0.

But any symmetric element is periodic, so 2 = 0. Then
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uU, = @b*u)"U,, uU} = ub*u)"Up.
Therefore u = (ub2u)™.

THEOREM 4.3. Let J be a Jordan ring with involution * and S be peri-
odic. Let e and f be two symmetric orthogonal idempotents. If b €
Jy, (€) NJy, (f) is skew (or symmetric) such that b" = e + f for some positive
integer n greater than 1, then for any symmetric idempotent u € J,(e), there
exists a positive integer 1 such that (2b » u)f =u +v where v is a symmetric
idempotent in J(f), also 2b * u €Jy, ) N Jy, ).

PrROOF. Since Jy, (e) CJy, (1) + Jo(u), we have

2b + u € (@) + T, ) S Ty, @y @) C T, ().

Similarly 2b  u €J,,(f). This implies 2b * u €J,, (u) N J,, (f). But

[(2b  u)® « u]™ =u+#0 for some integer m and so (2b * u)? # 0. We can find a
positive integer I such that (2b + u) =u, +v where u, €J,(u),and v €
J,(f) are idempotents. Then u, +v = (2b - u)*' = [(2b * u)*]’. Since

(2b * u) €J,) +J,(f), [(2b+u)®+ul'=u,. Hence u, =uP =

[(2b - u)? - ul’™ =ul=u.

To prove the last part we know b €J,,(f) C J,, (v) +J,(v) from vE
Jy(f). Thus 2b * u € (Jy, (v) + J, )Ty () CJy, (v) and so 2b * u €J,, @) N
T, ).

We mention the following theorem of Jacobson which will be used in the
proof of the next theorem.

THEOREM 44 (JACOBSON [1,p. 122]). Let e, e,, e3 be pairwise orthog-
onal idempotents in a Jordan ring A. If e,, e, are connected by an element
b€Jy(e,) NJy(e,), e, and ey are connected by c €Jy,(e;) NJy, (e3),
then e, and e are connected by b * c €Jy(e;) NJy, (e3).

THEOREM 4.5. Let J be *-prime and S be periodic. Then J has an
identity element.

PrOOF. Let e be any idempotent in S. If e is the only idempotent,
then § is a periodic field and by Theorem 3.1, e is the identity of J. Hence
assume Sy(e) #0. Let J=J,(e) +Jy,(e) + Jy(e) be the Peirce decomposition
relative to the idempotent e. Since J is *-prime, oM (e))® # 0, we can find
x €Jy,(e) which is symmetric or skew depending on Sy, (e) #0 or S,,(e) =0,
such that x" =e; +e, where e, and e, are symmetric orthogonal idempo-
tents. If e, +e, is not the identity element of S, we now show that we can
find three orthogonal symmetric connected idempotents.
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Consider J =J,(e; +¢e,) +Jy, (e, +e,) +Jy(e, +e,) which is equal to
J=J,(e)) +J,(e3) + Jy(e)) NJy(e;)
+Jo(e,) Ny (ey) + Jy,(ey) NJg(ey) +Jo(ey) NJg(e,)

and so Jy, (e, +e,) =Jy(e,) NJy(e,) + Ty, (e3) NJg(ey), Jole, +e,) =
Joley) NJy(ez)- (See Osborn [3, p. 224].) Let b=b, +b, EJy (e, +e,)
where b, €Jy,(e,) NJy(e,), by €Jy(e;) NJTo(ey) and b2 # 0. We can
assume b is either symmetric or skew. But b2 = b2 + b2 +2b, * b, issym-
metric and 2b, * b, €Jy,(e,) NJy,(e;). Therefore b2 #0 or b3 #0. Otherwise
b2 EJ, (e, +e,) and ((e, +e,) * b2+ b=0b3=((e, +e,)* b) - b2 =2"1p3
give b* = 0 which contradicts the fact that b2 is a nonzero periodic symmetric
element. We assume bf # 0. Then there exists a positive integer n such that
b3" =u +u, where u€J,(e;) and u, €Jy(e,) NJy(e,) are symmetric
orthogonal idempotents. Applying Theorem 4.3, (2x * u)) =u + u, for some
positive integer I where u, is a symmetric idempotent in J,(e,). Hence u,
u,,u, are three symmetric orthogonal connected idempotents.

It can be shown by induction that

Jyle, +eyg +o0c+e)=Jyle)) N - NJy(e,)

+J,(e,) N J%(ez) NeeeNJyle,) +

+Jy(e) N oo NTo(e,_y) NIyle,)
and
Joleg + 222 +e)=Jgle,) N e NJy(e,)

for arbitrary n orthogonal idempotents e,,e,, *** ,e,. Then by the same
argument as in the last paragraph, we can find five orthogonal connected sym-
metric idempotents {v,,v,,*** ,vs} if we assume S has no identity element.
We now prove this cannot happen.

Suppose v, and v, are connected by a symmetric element b,,. Then
v, and v; are connected by a skew element b,3,v; and v, are connected
by a symmetric element b,, * Vs and vg are connected by a skew element
b,s by Theorem 2.9. But this implies v, and vg are connected by the sym-
metric element (b,3 * bs,) * bys which contradicts Theorem 2.9.

Similarly if v; and v, are connected by a skew, we get a contradiction.
Hence S has an identity 1 and by Theorem3.1 J has the same identity 1.

THEOREM 4.6. Let J be *-prime and S be periodic. Then S contains
no more than four orthogonal idempotents.

ProOOF. We have shown in the previous theorem that J has the identity
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1. Suppose S contains more than four orthogonal idempotents. Then there
exists five orthogonal idempotents such that 1 =e; +e, +e; + e, +e5. If
Jy(e,)NJy(e) =0 foral i=2,3,4,5,then

J=J,(e))+J (e, +e3+e, +eg)

which contradicts our assumption that J is *-prime. Hence Jyle) N
Jy(e) # O for at least one i. For convenience, assume Jy(e,) N
Jy(e;) =J,, #0. Since J,(e, +e,) is semisimple by Theorem 2.5, J7 # 0.
Then we can find b,, €J;, which is skew or symmetric such that 7}, =

u, +u, where u;€J,(e) (i=1,2)andso u,u,,e,, e, e are five orthog-
onal idempotents. We can assume 1 =u, +u, +e; +e, +e; without loss
of generality. Then Jy, (u; + u,) NJy,(e5 +€4 +e5) 0. Assume Jy, (u,) N
Jy, (e3) # 0. By the same argument, there exists b, 3 €Jy, () N Jy, (e3) such
that b, =v, +v; where v, €J,(u,) and v; €J,(e;) are symmetric idem-
potents. By Theorem 4.3, (2b,, * v,)” =v, + v, where v, €J,(u,) isa
symmetric idempotent. Thus {v,, v,,v;, €4, €5} are five orthogonal idempo-
tents and v, v,,v; are connected. By continuing the above process, we
finally get five orthogonal symmetric connected idempotents which by the proof
of Theorem 4.5 is impossible.

LeEMMA 4.7. Let J be *-prime and 1=e, +e, +e; where ¢; are
symmetric orthogonal idempotents. If J,(e,) and J,(e,) are periodic fields,
Jy, (e, +e)CK, then Ji(e; +e,)CS.

PrROOF. Let W={w€EJ (e, +e,)lw*Jy(e; +e,)=0}. Then

KNJT (e, +ey)Jyle, +e)CSNJy(e, +e,)=0

and so KNJ,(e; +e,) C W. Toshow that W is an ideal of J,(e, +¢,),
let wEW, a€J,(e; +e,). Then

Wea)Jyle, +e)=w-(@-Jyle, +e)))+a-w-Jyle, +e))=0

andso w+a € W. If thereexist 0 #s=35; +5, +5, ESNW where s; €
S;(ey), then s; (i=1,%,0) €SN W. This will imply e, +e, EW or ¢
(@=1,2) EW. Thus SN W=0 and [KNJ,(e, +¢,)]2=W?=0. But

J,(e, + e,) is semisimple and so K NJ,(e, +e,) = 0.

LEMMA 48. Let A ={[} ”:“] la, b, c, kED,u* = p,a* =a, c* = ¢}
where D is a *<simple associative ring from the following list:

(1) a periodic field with involution,

(2) a direct sum of two periodic fields interchanged by the involution,
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(3) a 2 x 2 matrix algebra over a periodic field with standard involution,
(4) a Cayley-Dickson algebra over a periodic field with standard involution,
and the multiplication in A is defined as

a b*u] [m p*u
b ¢ JLw n
am + pb*u 27Y®m + bn + pa + pe)*u
2=Y®m + bn + pa + pc) bp*u + cn :

e

If A is periodic, then D is a periodic field with identity involution and — u
is a nonsquare in D.

Proor. If D is of type (2), (3) or (4), then there exists an element b

such that bb = 0. Then [) b_of‘] 2 = 0 contrary to the assumption that A is periodic.
If D is a periodic field with nonidentity involution and if k is any nonzero skew
element, then by Theorem 2.8, there exist symmetric elements g, b, ¢ such that

a® - b*k? +c2u=0. Let w=ac™! — bc~'k. We have wiw + u = 0. There-
fore [& f““] 2 =0. Hence D is a periodic field with identity involution and

— u is a nonsquare in D.

THEOREM 4.9. Let J be *-prime and S be periodic. If S contains
exactly four orthogonal idempotents, then J is a 4 x 4 Jordan matrix algebra
over a periodic field.

PROOF. Let the four orthogonal idempotents that S contains be e, e,,
e3,and e4. Then S,(¢;)) (i =1, 2,3, 4) are periodic fields and 1=¢, +
e, + e; +e,. Otherwise S contains more than four orthogonal idempotents.
Then the idempotents e; are connected. Changing the subscripts and by Theo-
rem 2.9, we can assume that e, and e, are connectedin S, e, and e; are
connected by a skew,e; and e, are connected by a symmetric element. Then
all elements in Jy,(e; +e,) NJy(e5 +e,)=Jy3 +J 4 +J,53 +J,, are
skew. Hence by Lemma 4.8, J (e, +e,) =S,(e, +e,), J (e; + ;) =
Si(e3 +ey).

Then applying Theorem 2.14, Theorem 2.3 and Theorem 2.12, J is iso-
morphic to a 4 x 4 Jordan matrix algebra over a j simple associative algebra D
with involution j: x — X where D is one of the following:

(1) a periodic field with involution,

(2) a direct sum of two periodic fields interchanged by the involution,

(3) a2 x 2 matrix algebra over a periodic field with standard involution,

That is:
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a bu cv dw

b e ulfv u
a,b,c;dre,f;g,h,P,keD ’
14 .
h

17w
v lhw
k

u=u,v=v,w=w,a=a,p=pk=ke=e
But {[¢ °®°*]la b, ¢ uE€E T =a,& =e @ =u} isperiodic and so D

is a periodic field with the identity involution and — u is a nonsquare element
in D by Lemma 4.8. This completes the proof of this theorem.

THEOREM 4.10. Let J be *-prime and S be periodic. If S contains
exactly three orthogonal idempotents, then J is a 3 x 3 Jordan matrix algebra
over a periodic field.

PROOF. Let the idempotents that S contains be e, e, and e;. Then
S,(e) (=1,2,3) are periodic fields and 1 =e; +e, +e;. We now show
that {e,, e,, e;} are connected. Suppose e, and e, are not connected, then
J,, = 0. Since connectedness of idempotents is a transitive relation, J,3 = 0
or J;3=0. Assume J,;=0. Then J=J,, +(J,, +J,3 +J33) contrary to our
assumption on J, similarly for any other two idempotents which are not connected.
Hence e, ,e,, e; are connected. Changing the subscripts if necessary, we assume that
e, and e, are connected by a symmetric element, e, and e; are connected by a
skew element. Then by Theorem 2.9, J,3; CK and by Lemma 4.7,J, (¢, +e,)

=S, (e, +e,). Applying Theorem 2.3, Theorem 2.12 and Theorem 2.14,J isiso-
morphic to a 3 x 3 Jordan matrix algebra over a j simple alternative algebra (D, j )
with involution j where D is one of the following: (i) a periodic field with invo-
lution, (ii) a direct sum of two periodic fields interchanged by the involution, (iii) a
2 x 2 matrix algebra over a periodic field with the standard involution, (iv) a Cayley-
Dickson algebra over a periodic field with the standard involution. That is

a bu
b d ulev|a=a,d=d f=fu=u,v=0)
c e f

But {[} ZT,,“] la,b,d,u€D,@ =a,d =d,#w =u} is periodic. Thus D
is a periodic field with the identity involution by Lemma 4.7.

THEOREM 4.11. Let J be *-prime and S be periodic. If S contains
exactly two orthogonal idempotents, then J is one of the following:
(1) a direct sum of two simple periodic Jordan algebras of capacity two



JORDAN RINGS WITH INVOLUTION 129

interchanged by the involution,

(2) a Jordan algebra of a nondegenerate symmetric bilinear form on a
vector space over a periodic field,

(3) a 4 x 4 Jordan matrix algebra over a periodic field.

The proof of the above theorem is quite complicated. For convenience, we
divide the proof into several steps.

Assertion 1. S is either a simple periodic Jordan ring of capacity two or S
is a direct sum of two periodic fields.

Proof. Let e, and e, be the two orthogonal idempotents that belong
to S.If e, and e, are connected in S, then by Theorem 2.9 S =S, (e, +e,) +
So(e; +e;). Thus S=S,(e; +e,) by the assumption on S. Let I be any ideal
of S and 0#s=s, +s,, +5,EI where s; € S;(e;). Then s; (i=1,%,0)
€I andso 1 €1 or ;€1 for i=1,0r i =2. This implies 27 'x,, =
e * xy, forany x,, €S, (e,). Since S;(¢;}) (=1, 2) are periodic fields,
xj,=e +e, €I and I=S.

If e, and e, are not connected, then S,(¢;) (i =1,2) are periodic
fields and S =S,(e;) + S,(e,).

Assertion 2. If S is a direct sum of two periodic fields, then S,(e;) =
Jy(ey), Sy(e;) =J,(e;) and J is a Jordan algebra of a nondegenerate sym-
metric bilinear form on a vector space over a periodic field.

Proof. let k €K NJ,(e,). Then by Theorem 2.4,k * J,,(e,) CS N
Jy(e,)=0 and k% - J,(e,) C 2 * Jy(e,) =0. If k> #0, k? has an in-
verse s €J,(e,) such that s+ k*> =e; and by Theorem 2.4

ey Jyle) =G - KMy (e)) Cs - (k% « Jy(ey)) + K2 - (s - Jy(e;)) = 0.

Thus Jy,(e,) =0 and so J=J,(e,) + Jy(e;) which contradicts our assump-
tion that J is *-prime. Hence k2 =0 and K NJ 1(ey) is a nilpotent ideal of
J,(e;). But by Theorem 2.5, J,(e,) is semisimple, so K NJ,(e;) = 0. There-
fore J,(e,) = S,(e;). Similarly, J,(e,) = S, (e,).

Furthermore, (Jy, (¢,))® # 0. Otherwise, Ji, (¢;) is a nilpotent ideal of J
and the semisimplicity of J will imply J,(e;) = 0. Thus we can find an ele-
ment x €Jy,(e;) such that x"” =e; + e, for some positive integer n. J is
then a simple Jordan algebra of capacity two. Applying Theorem 2.13 J is
either a Jordan algebra of a nondegenerate symmetric bilinear form f on a vec-
tor space over a field T, or a Jordan matrix algebra H(D,, J,) where D is
one of the following: (i) a direct sum of two noncommutative associative division
algebras with the exchange involution, (ii) a noncommutative division algebra
which is not a quaternion algebra over its center with j the standard involution.

But if J is isomorphic to H(D,, J,,), then the set of j symmetric elements
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forms a periodic field and D is either a periodic field or a direct sum of two
periodic fields. This contradicts the fact that D is not commutative. Thus J isa
Jordan algebra of a nondegenerate symmetric bilinear form f on a vector space
over T. Since T CJ,(e,) +Jy(e;), T is a periodic field.

If § is a simple periodic Jordan algebra of capacity two, then by Theorem
3.1, J has the identity 1, and by Lemma 3.14 J is *simple. Butif J isa
direct sum of two simple ideals interchanged by the involution, then J is a Jor-
dan algebra of type (1) in Theorem 4.10. Otherwise J is simple.

Assertion 3. Let J be simple and the center of J be Z. If Z g_S,
then J is a three-dimensional Jordan algebra of a nondegenerate symmetric
bilinear form on a vector space over a periodic field.

Proof. Since Z QS, we can find a nonzero skew element k in Z. But
(ky ° kY ek= k, for any skew element k,,s0 J=8+ Sk Let C be
the center of S. From J=8+ S+ k and k€ Z, it follows that C=S N Z.
But, by Theorem 2.10, S=C+C* (e, — e,) + C* u,, where u,, €Sy, (e,) and
uz, € C. Thus

J=5+S8-k=(C+C- ) +(C+C-k)-(e;—e)+(C+C-k) - uy

=Z+Z-(,—-¢€)+Z-uy

and by Theorem 3.3, Z is a periodic field.

Hence, from now on we assume (i) J is simple with the identity element
1, (ii) S is a simple periodic Jordan algebra of capacity 2, (iii) Z C S. Since
the sets of symmetric elements of the semisimple Jordan algebras J;(e;) (i =
1, e) form periodic fields, J,(e;) (i =1, 2) are the Jordan algebras of the
following types:

(a) a periodic field,

(b) a direct sum of two periodic fields with exchange involution,

(c) a Jordan algebra of a nondegenerate symmetric bilinear form on a vec-
tor space over a periodic field.

We have the following possibilities:

Case (1) The J,(e;) are periodic fields (same as Assertion 2).

Case (2) Jy(e,) is a direct sum of two periodic fields and J,(e,) isa
periodic field.

Case (3) Both J,(e;) and J,(e,) are of the same type (b).

Case (4) J,(e,) is a direct sum of two periodic fields and J,(e,) is of
the type (c).

Case (5) J,(e,) is a periodic field and J,(e,) is of the type (c).

Case (6) Both J,(e,) and J,(e,) are of the same type (c).

Assertion 4. Case (2) is impossible.

Proof. In Case (2), there exist three orthogonal idempotents 1 =a +b +¢
such that a*=b, a+b=e,;, c=c*=e¢,. Ifwelet J=J,, +J,, +J3; +
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Jy, +Jy3 +J,3 be the Peirce decomposition of J relative to 4, b, and ¢,
such that

Ji1 =J1(a)’ J22 =J1(b)a J33 =J1(c),
Ji2 =0y,@ NJ,0), J3 = Jy,(b) NJy(), Ji3= J,A(a) N Jy, ()

then J,, =0 and J; (=1, 2, 3) are periodic fields. Since Jy@+d)n
Jy, (€) 2 Sy, (e;) N Sy, (e,) # 0, we have J, 53 +J,53 #0. But J,; #0 if and
only if Jy3 = (J;3)*#0. Thus J,3#0 and J,3 #0. If J3; =0, then
Jy3 is a nilpotent ideal of the semisimple Jordan algebra J,(a + ¢). Therefore
J23#0,and J2; = (J3;)*#0. Wecanfind x €EJ,; and y €J,; such
that x" =a+c¢ and y™ = b + ¢ for some positive integers n and m. Then
a and b are connected by an element in J,, which contradicts J;, = 0.

Assertion 5. Case (3) is impossible.

Proof. Let J=J, 4Ty, +Jay +Jsg 4T+ +J 4+ 005 475,
+J3, be the Peirce decomposition of J with respect to @, b, ¢ and d, where
l=a+b+c+d a*=b, a+b=e, c+d=e,, c*=d, J, are periodic
fields, J,, =J,,(@) NJy, (b)) =0 and J34 =Jy,(c) NJy, (@) =0. But J,;; #0.
Otherwise J,, =J1,; =0 and J=(J,, +J14 +J0) + (Jy, + 53 +J33)
contrary to the simplicity of J. Similarly, J,3 # 0. Then by the same argument
in Assertion 4,¢ and b are connected in J;, = 0, which cannot happen.

Assertion 6. Case (4) is impossible.

Proof. There exist four orthogonal idempotents a, b, ¢, d such that a +
b=e, ctd=e,, Ji,=J,@NJ,0)=0, J; (=1,2,3,4) are
periodic fields. By assumption,

T, @+b)NT(c+d)=Jy5 + 14 +Ty5 + 754 D Sy(ey) NSy, () # 0.

Hence at least one of the J;; # 0. Without loss of generality, we let J;; # 0.
Then a and c are connected and so @ and d are connected. This means
Jia #0. If Jy53 =J,, =0, then we have

J=Jy ¥+ (Jyq 33 t g4 t T3+ 14 t734)

contrary to the simplicity of J. Thus, either J,3 or J,, is not equal to zero.
But this implies ¢ and b are connected which contradicts J,, = 0.

Assertion 7. Case (5) is impossible.

Proof. We can find three orthogonal idempotents a, b, ¢ such that a =
e, b+c=e,. Let

0 #uy, GS%(el) N S%(ez) CJy @NJ,b+c)=J,+J,;

and



132 NG SEONG-NAM
Uy, =u, tu3 €7, +J;;

where u,, €J,,, u;3€J,;. Wehave u,;, and u,; both not equal to
zero, since u,, connects e; and e,. Hence g, b and ¢ are connected idem-
potents. By Theorem 2.3 and Theorem 2.14,J is isomorphic to a 3 x 3 simple
Jordan matrix algebra over a j simple alternative ring (D, j) with involution j:
x — X where D is one of the following:

(i) a periodic field with involution,

(ii) a direct sum of two periodic fields with exchange involution,

(iii) a 2 x 2 matrix algebra over a periodic field with standard involution,

(iv) a Cayley-Dickson algebra with standard involution, and

f En h
- f,8 h p q wED;
J~{lg p qu v||- - _ _ _
f=fp=pq=q u=uv="v
h q w
such that
Oupo 0 0 v
u,=|1 0 0| and u,3=10 0 0O}
000 100
Hence

0o pv|l?2 |u+v 0O
uz=1 o o] =| 0 uw
1 00 0 wumwvw

and L‘: »1 €8,(b +¢) should be invertible in S;(b+¢). But [} ] has

no inverse. This proves Assertion 7.

Assertion 8. If J; (i=1,0) are both of the same type (c), then J isa
4 x 4 Jordan matrix algebra over a *-simple associative ring D which is one of
the following:

(1) a periodic field,

(2) a direct sum of two periodic fields,

(3) a2 x 2 matrix algebra over a periodic field with standard involution.

Proof. We know from Lemma 3.12 and Lemma 3.13 that J,(e;) either
contains interchanged orthogonal idempotents a;, b; or S,(e) NJ,(e) =Sy
can be decomposed into Sy = Sj;(+) + S;(-) where [S;: S;(+)] = 2. In this
second case, let %; be any invertible skew element in J,(e;) and s; € S;(-).
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Then there exists m, n € S;;(+) such that (ms; + nk,)2 =52 for some § €
S;;(+) by Theorem 2.8. Hence J,(e;) contains orthogonal idempotents a; =
271 — 271G \ms; + 57 'nk) and b, =27 + 271" ms, + s~ 1nk,). These
two orthogonal idempotents a; and b; (i =1, or 2) might not satisfy a;" =
b,. But if we define (s, +s_+k)* =s, —s_ -k, then * is a hew involu-
tion on J;; by Lemma 3.13 (1) and also a}' "=b,. Therefore J,(a;) and

Jy (b)) are periodic fields. It is clear that a,, a,, by, b, are connected. Then
applying Theorem 2.3 and Theorem 2.14, we get the result.

Assertion 9. The associative ring D in the above assertion is a periodic
field with identity involution or both J;; contain interchanged orthogonal idem-
potents.

Proof. We can find four orthogonal idempotents a, b, ¢, d such that
atb=e, ctd=e, and

mnu  pv qz
nr pwlsy plsz
J~ mnpqrnstwxyED)

D s w vz

qt x y

m=mr=r,w=w,y=y,u=M0 =p2 =2

v

If both J;; (i =1, or 2) contain exchanged orthogonal idempotents then
we get what we want; if not, we might assume S;, =8,(e;) NJ,(e;) =
Sy1(+) +8;,() where [S;,:8,,(H)] =2. Let s=[7? "p“] €5,,0)

Then

m? +nity  (mit + AP
5?2 = €8,
mn+np nap+ p?

which is the center of J,(e;) andso (m +p)(m —p)=0, (m +p)n=0. If
m+p#0,wehave m=p, n=0 and s=[J 2]€S,;(HNS; =0
which contradicts our assumption that s #¥0. So m=—p and s=

(" "™y€S, (). We now claim (3 niY2 £ 0. If zero, then

1 27 Ym~ i m A m 0
=2"1m™! + €S8,
2-1m~—1n 0 n - 0 m

and
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\
1 2-1m-17u |2 1 2~ Im~ny
@m) n 0 |2 tm1n 0

which contradicts the fact that every element in S, is invertible in J,,. Thus
w= [g '7(;‘] # 0 connects @ and b. By Jacobson’s coordinatization Theorem

2.14, there exists an isomorphism f such that

f@=%[11], fl)=%[33], [f@)=*%[44]

and
0O 0O

1 000

Hence we can assume n=1 and s=(7 *)€S,;;(-). But

[0 e CE A e B A .

where k is an invertible skew element in D. Hence

1 -m 0 -k
k, = and k, = "
-~ lm -1 k 0

are skew elements in J,(e,). Since k% #0 and k2 #0, k, * k, = 0, there
exist hy, hy €S,,(+) such that (r, * k; +h, * ky)® =h% for some hy €
S, 1(+). Hence we can find a skew element k3 =h3'. hy ~k, +h3l - h, *
k, such that k3 = 1. This implies that 27'(1 — k;) and 27!(1 +k;) are
interchanged orthogonal idempotents. This contradiction arises when we assume
D contains an invertible skew element. Hence D must be a periodic field with
identity involution if one of the J,(¢)) (i =1, 2) contains no interchanged
orthogonal idempotents.

Assertion 10. If both J;(e;) and J,(e,) are of the same type (c), then
it is impossible that both J,(e,) and J,(e;) contain exchanged orthogonal
idempotents.

Proof. et 1=¢, +e, and a, b, c, d be orthogonal idempotents such
that a+b=e,, c+d=e, a*=b, c*=d. Then
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m nu Dv qz
n r plw pliz
J~ mnp,qrstwxyED)
p s w vz
q t x y

m=mr=rw=w,y=y,U=Wv=v,z=2

where D is an associative ring listed in Assertion 8. Since [J;@@ +¢)]* =
Jy(b +d), D is a periodic field with identity involution. Let

0 0 » O] [0 0 0 07
0000 000 pule
1000 looo o
0 0 0 O 0t 0 0 J
0 0 0 z]* [0 0 0 O
0000 OOSu"vO.
oooo [os o o
1 000 oo o O
Then
0 0v 07 00 0 =z
0 00 ult 0 0 sulv 0
“Tlioo o 0s o of °
0t 0 0 _ 1o o0 o]

are two symmetric elements in Sy, (e,) N Sy, (e,). Since S is a simple periodic
Jordan ring by our assumption and u,, u, €Sy, (e,) NSy (e,), 4, * u, #0 by
Theorem 2.10. By multiplication,

0 vs +tz
1 u ltz+sw) O
Tl o 0
0 0

is an element of J,, +J;4. Since

0
0
0

(su~! + 1w

0
0

2(1 +su~1p)

0
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v 0 0 0

0 2u~lz 0 0
€S,
0 0 v 0

0 0 0 2u !z

v=tu

—1z,

Thus vs + ¢z =0 implies #su~! + 1 =¢t(— tz/W)u~! +1=0. Also tsu~! +
1 =0 implies vs + tz = v(— p/t) + tz = 0. Therefore SNJ,, and S NJ34
are both nonzero. But J;, and J;, are both one-dimensional over the center
and J{, CJy,, J3s CJs, and also the center Z of J is contained in S by
our assumption, so J;, and J3, consist only of symmetric elements. Then

0 Jdwv
0 00O
= . — +Zo
S=Z+2Z- (e —e,) 10 0
0t O
00 0 z 0
00 suwlv oo 1
+Z. . +2z-
0 s 0 0 0
10 0 0 0
000 O
000 O
+Z- 1
0 0 0 vz
0 01 0

o O O ®

0

u 1tz

0
0

o

o O o© o
o

is six-dimensional over Z. But by Theorem 2.10, S is 3-dimensional over the
center F of S. Thus F is two-dimensional over Z. Since u; €S, (¢,) and
u3 € Z, we can find an element A € F such that A2 = — 42, Then

[n - (e; — e,)+u,1% =h? +u? =0 which contradicts the fact that S is periodic.
The following two examples show that J can be a 4 x 4 Jordan matrix
algebra over a periodic field.

ExAMPLE (1). Let
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™m n 2p g
s )|t B maparnst
g t x
and
1000 1 1 0 0
—jor00 1 -1 0 o
$S1D=15 0 0 of $19=16 o o of
o000 0 o 0 o
1 2 00 0 0 o0 o]
=|2 -1 00 0 0 0 O
kl—o o o of 5(H) = 0 0 1 ol
o 0 00 0 0 0 1
o 0 0 O 0 0 O 0
y=10 0 o (V] 0O 0 O 0
29=15 0 o 2f 2=1o o 1 ol
L?O 10 o 0 0 -1
0 0 -21 0 0 -1 ﬂ
w=l0 010 _Jo o o 1
1701 2 0 of ©25h o o of
1 0 0 o0 h 1 0 0
-
0 0 o0 1 00 2 o
oo 12 b= 0 0 1 1
V1o -1 0o of 2" Ih 2 o of
1 2 00 o 1 0 0

Then the elements listed above form a basis of J over the center D. If we
define an involution * on J such that §;(H), 5;), 5,(-), uy, u, and the
center D are symmetric, ky, k,, v, and v, are skew, the set of symmetric
elements forms a simple periodic Jordan algebra of capacity two. We also notice
that J,(e,) has no interchanged orthogonal idempotents and J,(e,) contains
two interchanged orthogonal idempotents in Example (1).

EXAMPLE (2). Let

mnpq

" rs t m’n9p’q:r!spt’
P s w X W»x,yez3={0,l,2}

9t xy
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and D be the center. Then

1 00 0 1 0 o

010 0
= 1 -1 0 0

SO =15 0 0 of $19=1o o o of

[0 0 0 0 o 0 0 o

1 2 00 0 6 0 o

2 -1 0 0
= 0000
ky o o o o) 82(+)=0010,

[0 0 0 o E)OOI

- -

0 00 o0 o0 0 0 o

000 o0
. 000 o0

2= 1o 0 1 1 B2=1o 0 1 2f

0 0 1 -1 0 0 2 —1

b - L-

00 0 1 o 0 2 2

0 0 2 1
= 0 0 -2 0
7 o 2 0 of “2512 -2 o o)

L“°° 2 0 0 0

[~ —

0 0 1 0 o 0 1 2
u=00—2l 0 0 0 1
"1t =2 0 of 2511 0 0 o}

01 00 LZIOO

form a basis of J over D. We define * on J such that §1(1), 5,5, 55(+),
$,(-), 4y, u, and D are symmetric elements, k,, k,,v, and v, are skew
elements. Then the symmetric part forms a simple periodic Jordan algebra of
capacity two. In this example both J,(e;) and J,(e,) contain no interchanged
orthogonal idempotents.

5. General theorems. In this section, we prove our Main Theorem stated
in the abstract.

THEOREM 5.1. Let S be periodic and N be the Jacobson radical of J.
Then N = the prime radical of J = the intersection of all *-prime ideals of J.

PROOF. Since N contains no idempotent, N N S = 0. But N* C
N. This givesus N2 =0 and N is the maximal nilpotent ideal of J. There-
fore N = the prime radical of J by Theorem 2.6. Let the prime radical be
RWDH =N ocr P, where { P,},o; is the collection of all prime ideals of J and
let Q@) be the intersection of all *-prime ideals of J. Then from Theorem
4.1 any *-prime ideal I is either prime or =P N P* where P is prime.
Thus any *-prime ideal J DR(J) and so Q(J) DR()). But R(J) = naa P,
=N er @, NP}). Thus R(J) D Q(J). This implies R(J)=Q(J) =N:

THEOREM 5.2. Let S be periodic and N be the Jacobson radical of J. Then
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N2 =0 and J/N is a subdirect sum of rings of the following types:
(i) a periodic field with involution,
(ii) a direct sum of two simple periodic Jordan algebras interchanged by
the involution,
(iii) a 4 x 4 Jordan matrix algebra over a periodic field,
(iv) a 3 x 3 Jordan matrix algebra over a periodic field,
(v) a Jordan algebra of a nondegenerate symmetric bilinear form over a
periodic field.

PROOF. We have shown that N is the intersection of all *-prime ideals,
and so J/N is a subdirect sum of *-prime Jordan rings with periodic symmetric
elements. If we can show all these *-prime Jordan rings are of characteristic not
two, then we can apply Theorem 3.14, Theorem 4.8, Theorem 4.9 and Theorem
4.10 to get the above result. The proof of characteristic not two is just the same
as the proof in the associative case. See Osborn [3].
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